We consider vapor bubbles in microchannels in which the vapor is produced by a heater element and condenses in cooler parts of the interface. The free boundary problem is formulated for a long steady-state bubble in a rectangular channel with a heated bottom. Lubrication-type equations are derived for the shape of the liquidvapor interface in a cross-sectional plane and in the regime for which the vapor phase fills most of the cross section.These equations are then solved numerically over a range of parameter values with given temperature profiles in the walls and subject to a global integral condition requiring evaporation near the heater to balance condensation in colder areas of the interface. Our results show that depending on the temperature, the side walls can be either dry or covered with a liquid film and we identify criteria for these two different regimes. The asymptotic method breaks down in the limit when capillary condensation becomes important near the bubble top and a different approach is used to determine the shape of the bubble in this limit. Solutions here involve localized regions of large mass fluxes, which are asymptotically matched to capillary-statics regions where the heat transfer is negligible. C 2001 Academic Press
INTRODUCTION
Vapor bubbles in microchannels are used in various microelectromechanical systems (MEMS); a discussion of some typical experimental configurations that involve bubbles in microscopic devices can be found in Lin et al. (1) . Similar configurations are also found in heat pipes, in which large heat fluxes are carried in liquid/vapor systems held close to saturation (2, 3) . In that context, one is interested in evaporation/condensation cycles of the type we consider below. Despite the well-recognized importance of these applications, there has been relatively little work on mathematical modeling of vapor bubbles in microchannels.
Wilson et al. (4) studied growth and collapse of twodimensional bubbles between two parallel plates held at different temperatures. A relatively simple calculation in the limit of strong surface tension allowed them to establish some gen-eral features of vapor bubbles in microchannels. In particular, they found vapor-liquid interface shapes dominated by capillary forces away from the walls of the channel and investigated local dry-out of heated walls due to evaporation. Ory et al. (5) considered unsteady vapor bubbles in axisymmetric tubes by solving numerically the full Navier-Stokes equations. They simulated the effect of localized pulsed heating of the liquid by a large internal pressure applied for a short time to an initially small spherical vapor bubble placed in the middle of the tube. Numerical solutions described the dynamics of the system following this initial impulse; the bubble was found to grow faster as the inertia effects became more significant.
Mathematical models available in the literature do not provide a description of the nonisothermal steady-state bubbles that appear in many applications. Such description requires solving equations for both fluid flow and heat transfer and taking into account the coupling between flow and heat/mass transfer at the vapor-liquid interface. While there have been many local analyses of coupled transport phenomena near evaporating menisci (6) (7) (8) , there is little work on solving the global free-boundary problem for the shape and location of a vapor bubble. These are the objectives of the present study of a vapor bubble, which is created by heating the bottom of a channel of a rectangular cross section initially filled with liquid that wets the wall.
To describe steady-state heat and mass transfer one has to consider a nonlinear free-boundary problem; the shape of the bubble is not known a priori and has to be determined as part of the solution. Figure 1 shows a schematic of our problem in which a steady vapor bubble is maintained in a microchannel. The walls of the channel may be partially dry, which implies that contact lines are present. The contact-line regions in our approach are modeled by use of a so-called disjoining pressure capable of describing multilayer adsorption. A similar approach has been used to study the static shape of long bubbles in channels (9) and driven contact lines (10) . Since the extent of the dry-out of the walls is not known in advance, we obtain solutions for liquid flow in terms of local conditions at the (unknown) interface, including the contact-line regions, and then use a global mass balance to determine the position of the contact lines and thus the interface shape. The physical idea is to look for steady shapes, velocities, pressures, and temperatures such that the evaporative mass flux from the interface near the heater is balanced by condensation in colder areas of the interface. This idea will allow us to find solutions for a range of values of parameters of the problem, such as wall temperatures and material properties.
Formulating the field equations for fluid velocity and temperature is relatively straightforward, so the main issue in mathematical modeling of the system is to impose proper boundary conditions at the interface where the phase change occurs. Such boundary conditions were the subject of several studies; in our formulation we use the general notational framework provided by Burelbach et al. (11) , but with a more precise description of the mass transfer across the interface in terms of local temperature and pressures. Let us now discuss some of the features of these boundary conditions.
The relation between saturation temperature and vapor pressure from the equilibrium thermodynamics cannot be used if there is a net mass flux across the interface. A modified relation that accounts for kinetic effects due to this mass transfer was first derived mathematically by Schrage (12) . We refer to this relation as the nonequilibrium condition; it is sometimes referred to as the "constitutive" or the Hertz-Knudsen-Langmuir equation. Its careful physical interpretation was given by Plesset and Prosperetti (13); Cammenga (14) discussed the connection of predictions based on this condition with actual experiments on evaporation and condensation.
In the regions where liquid film becomes very thin, an important contribution to the pressure drop across the interface comes from the so-called disjoining pressure due to thin-film interactions between molecules. If electric double-layer forces are negligible, the main contribution to the disjoining pressure is from London-van der Waals forces, which in their simplest form are inversely proportional to the cube of film thickness.
The significance of disjoining pressure in evaporation problems was first elucidated by Potash and Wayner (6) . They considered the steady two-dimensional meniscus formed on a heated vertical plate immersed in a liquid. They identified two important regions: a microscopic adsorbed film, where disjoining pressure is important, and a curvature-controlled bulk meniscus. Different models were used for describing transport processes in these two regions, which resulted in solutions with discontinuities, but which captured the essential features of local models of evaporating menisci. Moosman and Homsy (7) considered horizontal evaporating meniscii of wetting liquids and developed a more systematic mathematical model that allowed them to describe the smooth transition from the adsorbed film to the meniscus region. Both papers conclude that evaporation in a thin film can be suppressed by the London-van der Waals forces if the film thickness is sufficiently small. As the film becomes thinner, the pressure in the liquid increases significantly due to contributions from the disjoining pressure, which, according to thermodynamic relations, leads to increases in the equilibrium vapor pressure until it reaches the actual value of the pressure in the bubble. Thus the system attains thermodynamic equilibrium characterized by multilayer adsorption and an isothermal film. Moosman and Homsy (7) obtained solutions for interface shapes using perturbation theory in the limit of weak evaporation. They found thinning of the interface profile and an increase in an apparent contact angle due to evaporation. Numerical interface shapes in the vicinity of a contact line for arbitrary evaporation rates were obtained recently by Morris (8) in the framework of the thinfilm model. He also investigated how the apparent contact angle increases as the evaporation becomes more intense and made favorable comparisons with experiments of Kim and Wayner (15) .
We use these interfacial boundary conditions to study vapor bubbles in microchannels. Section 2 formulates the equations and boundary conditions. We assume that heating is sufficient to create a large bubble that fills most of the channel cross section. Many applications involve long heaters, which implies that bubbles are much longer than the dimensions of the channel cross section. Thus, as long as the heater provides a uniform energy flux, there are no significant variations in the shape of the cross section except near the ends of the bubble. Therefore we consider a two-dimensional model of the cross section. Even though the model is directly applicable only to long bubbles, it captures an important generic feature of many microscopic devices that use vapor bubbles, which is the presence of corners. In Section 3, we derive lubrication-type equations for a channel with rounded corners and solve them numerically. The position of the contact line is not known in advance and is determined by the integral mass balance condition. Depending on the temperature of the side walls, they can be either dry or covered with macroscopic film. We use our numerical results to identify criteria for these different regimes.
As the capillary condensation near the top increases or the corners of the channel become sharper, the thin-film approximation breaks down. Section 4 treats this situation. Solutions for the bubble shape in this case, found by a different asymptotic method, involve localized regions with large values of mass fluxes, which are matched asymptotically to the constantcurvature menisci where the heat transfer is negligible. The position of the contact line is still determined from the integral mass balance.
MATHEMATICAL FORMULATION
Let us consider a long channel of height d and width w * bounded by solid walls and filled with liquid. (Asterisks here and below are used to denote dimensional quantities as opposed to scaled ones). We suppose there is a heater of finite length, which is much larger than the width w * , on the bottom wall. Energy flux from the heater causes a vapor bubble to appear that is assumed to have a steady-state shape and fill most of the channel cross section, as sketched in Fig. 1 . We also assume that the heater and therefore the vapor bubble are sufficiently long so that changes in shape and temperature near the edges do not affect heat transfer near the middle of the bubble. This implies that away from the ends it is sufficient to consider a two-dimensional model in the cross section normal to the walls. Such a cross section is sketched in Fig. 2 ; the steady-state shape is symmetric with respect to the centerline, which is chosen as the y * axis; the x * axis is along the heated wall. The dimensional steady-state equations for flow and heat transfer in the liquid are
FIG. 2. Sketch of a cross section of a long vapor bubble in a channel in the region where heating is uniform (away from the edges of the heater). The Cartesian coordinate system is also shown.
Here v * is the liquid velocity, p * the pressure, and T * the temperature, and all derivatives are taken with respect to dimensional coordinates x * and y * . Because of our interest in small-scale phenomena, we neglect the body force of gravity. Dimensional parameters of the problem include the dynamic viscosity, µ, density, ρ, and thermal diffusivity, χ, of the liquid. Similar equations could be used to describe the vapor phase. However, simple estimates show that the density, dynamic viscosity and thermal conductivity of the vapor are much smaller than those of the liquid. Therefore one can take the limit when these nondimensional ratios approach zero and neglect all dynamical processes in the vapor. The vapor density, however, is retained in the boundary conditions where it multiplies the vapor velocity, which may be large. This approach is often referred to as the one-sided model (11) ; it allows one to formulate effective boundary conditions for the liquid phase without solving for the flow and heat transfer in the vapor.
Let us formulate the boundary conditions at the vapor-liquid interface shown in Fig. 2 ; n is the unit normal vector pointing toward the vapor. Conservation of mass requires that
Here L is the latent heat of vaporization and k is the thermal conductivity of the liquid. The normal stress balance, including capillary and disjoining pressure terms, is
Here T * is the dimensional stress tensor in the liquid, H * is the mean curvature, σ is the surface tension at the vapor-liquid interface, and * is the disjoining pressure discussed below. Vapor recoil effects are neglected. Consistent with the one-sided model, the vapor pressure, p * v , is assumed to be constant throughout the bubble. The shear-stress condition is written in the form t · T * · n = 0, [7] where t is the tangential vector to the interface. We neglect thermocapillary stresses in [7] . For temperature differences of ∼10 K and length scales of a few micrometers the Marangoni number is typically small (∼ 0.1), which justifies this assumption. For a given interfacial temperature and pressure in the liquid one can define a unique value of thermodynamic equilibrium pressure, p * e v . It corresponds to the dynamic equilibrium in which molecules crossing the interface from the vapor and liquid sides on average balance each other. This is not the case in evaporation or condensation since there is a net mass transfer across the interface, so the actual vapor pressure, p * v , is different from the equilibrium value. We follow Schrage (12) and assume that the rate at which molecules spontaneously leave the liquid phase is still the same as in equilibrium and that "reflections" of molecules which hit the interface are not significant. Then the following relation for the net mass flux is obtained:
We refer to this as the nonequilibrium condition at the interface. HereR is the gas constant per unit mass and T * i is the local temperature at the interface.
The interfacial conditions are augmented by the usual boundary conditions at solid boundaries: the two components of the velocity are zero there and the values of temperature are prescribed. In particular, the heater and the top of the channel have specified uniform temperatures, T * H and T * 0 , respectively. The side-wall temperature is decaying due to heat losses into the bulk of material, which is modeled by the following profile:
Here the characteristic length of temperature decay is given by 1/α * , which is held fixed. The above so-called "fin profile" is derived from a simple one-dimensional heat balance along the wall that includes heat losses into the bulk of the material, which are assumed proportional to the difference between the local temperature and the temperature far away from the heater. Recent wall temperature measurements in the presence of evaporation by (16) show that this is a good approximation. The parameter α * can be used to vary the wall temperature from linear profile, α * d 1, to a rapidly decaying exponential profile, α * d 1. Let us now discuss nondimensional variables. We choose the channel height, d, as the length scale, and the capillary pressure σ/d as the scale for pressure; the equilibrium saturation temperature, T * s , is taken as the temperature scale. The velocity scale is found from the conservation of energy at the interface, Eq. [5] . The balance between the latent heat of evaporation and energy conducted to the interface gives the following velocity scale:
With this choice of characteristic velocity the Reynolds number, Re ≡ U dρ/µ, and the Peclet number, Pe ≡ U d/χ, are typically small, inertia and thermal convection can be neglected, and the dimensionless governing equations become
Here p, T , and v are the dimensionless pressure, temperature, and velocity, respectively; all derivatives are now taken with respect to the scaled coordinates. The capillary number, C, is defined as
A natural choice of scale for the mass flux is motivated by the interfacial mass balance, Eq. [4] , which indicates that for given velocity scale U the characteristic value of J * is equal to ρU . Therefore we introduce the nondimensional flux J according to
Then the conditions of conservation of mass and energy at the interface (Eqs. 4 and 5) take the following nondimensional form:
Here D is the density ratio, D = ρ/ρ v . The normal and shear stress balances become
Here H and p v are the scaled mean curvature and vapor pressure, respectively. The nondimensional stress tensor, T, and disjoining pressure, , are the ratios of corresponding dimensional quantities to the capillary pressure scale, σ/d. The nonequilibrium condition, Eq. [8] , can be written in terms of scaled pressures and mass flux as
Here T * s , the equilibrium saturation temperature, is defined for flat liquid-vapor interface and vapor pressure equal to p * v . Then according to equilibrium thermodynamics we can write
Here T i is the interfacial temperature scaled by T * s . Let us now substitute this thermodynamic relation into the nonequilibrium condition [18] ; the result can be written in the nondimensional form
where
We note that the nondimensional parameters δ and K are both typically small (10 −3 -10 −2 ). At the walls of the channel both components of the scaled velocity are zero and the values of temperature are known:
[20]
Here T H and T 0 are the nondimensional temperatures of the heater and the top wall, respectively. The scaled side-wall temperature is written in terms of scaled decay length, α ≡ dα * , as
The continuity equation in the vapor phase must be taken into account even for the one-sided model in order to close the system. We write it in the form of the integral mass balance
where the integral is over the entire vapor-liquid interface, and s i is the arc length variable along the interface. Let us now summarize the nondimensional free-boundary problem that we are going to solve. The governing equations for the liquid flow [10, 11] and heat transfer [12] must be solved with five interfacial conditions (Eqs. 14-17 and 19) and conditions at the solid boundary. The latter include known values of the wall temperatures [20] [21] [22] , zero normal velocity, and no slip at the solid wall. Finally, the integral mass balance [23] must be used to obtain a unique solution.
We have introduced three nondimensional parameters determined by liquid material properties and channel height only. The capillary number, C, is the ratio of viscous and capillary forces; it is typically very small (10 −5 -10 −4 ), which allows us to consider an asymptotic limit C → 0 in the calculations below. The kinetic parameter, K , and the thermodynamic parameter, δ, determine the relative importance of different terms in the nonequilibrium condition. Other important parameters include the aspect ratio of the channel and the dimensionless disjoining-pressure constant, ε, defined in Section 3.1.
For a given liquid and dimensions of the channel the vapor bubble can have different shapes depending on the thermal conductivity of the wall and the scaled temperatures of the heater, T H , and the top of the channel, T 0 . These two temperature values are easily changeable control parameters in the system.
THIN-FILM ANALYSIS
In this section we develop an asymptotic method by considering the limit of small capillary numbers. To obtain consistent and physically meaningful solutions we consider distinguished limits when physical quantities, such as nondimensional velocities and mass fluxes, as well as parameters of the problem, scale as certain powers of the capillary number.
For a vapor bubble that fills most of the channel, the liquid phase is restricted to thin-film regions near the walls of the channel. However, there is a mathematical difficulty in describing the liquid flow by standard thin-film analysis in the presence of sharp corners. We avoid this difficulty by considering a model of a channel with rounded corners. Our approach is somewhat analogous to that used by Kalliadasis et al. (17) in a study of isothermal flows over topography. One can make the corners sharper or more rounded by changing the value of a steepness parameter. In practical applications corners of microchannels are always rounded on some scale, so there is no need to take the mathematically singular limit of infinitely sharp corners.
The Lubrication Equations
Let us consider a channel with rounded corners sketched in Fig. 3 . The cross section is symmetric with respect to the vertical center line, so only half of it is shown. The nondimensional coordinate s, the arc length along the solid boundary, changes from zero in the middle of the heater to some value s m at the top; the corners correspond to s b and s t as indicated in the sketch. The shape of the boundary is described by the angle θ between the local tangent to the surface and the vertical direction. Rapid changes in θ near s b and s t occur on a length scale β; in numerical calculations below they are described by a function of the type
−1 , where s c is the coordinate of the corner, A 0 depends on the capillary number. We sometimes refer to β as the steepness parameter; changing it makes corners sharper or more rounded. Typical values of β are 0.05−0.1.
The shape of the boundary in Cartesian coordinates is easily recovered from the function θ (s) by integrating the following differential equations:
We also note that the curvature κ is found from κ = dθ ds .
Let us now introduce a local coordinateη normal to the wall of the channel and local thickness of the liquid filmh =h(s). Nondimensional velocity components in the s andη directions are denoted by u and v, respectively. To derive lubrication-type equations in which viscous stresses balance capillary pressure gradients we rescale the thickness and normal coordinate as
and the temperature, pressure, and velocity component v according to
The governing equations at the leading order take the usual form:
T ηη = 0.
[27]
Let us now turn to the interfacial boundary conditions formulated in the previous section. To include the vapor mass flux into the leading-order mass-conservation condition one has to rescale the flux according to
With this choice and the above length and velocity scales, Eq. [14] becomesJ
The rescaled version of [15] , condition for conservation of energy, at leading order is given bȳ
[29]
Most of the terms in the normal and shear-stress balances, Eqs. [16] and [17] , drop out of the leading order in C, so the interfacial stress conditions take a relatively simple form:
[31]
Here we assume that the disjoining pressure is inversely proportional to the cube of film thickness, i.e., * = Ah * −3 , where A is the Hamaker constant, and introduce a nondimensional parameter, ε = A/(σ d 2 C), which is assumed to be an order of one quantity in the asymptotic limit C → 0, although its numerical value may be small (10 −4 -10 −3 ). We also rescale the nondimensional curvature of the solid boundary according to
Here κ a is the average value (κ a = 2 if the aspect ratio is 1); the numerical value ofκ is typically large (κ ∼ 10). We scale the small parameters K and δ according to
so that the nonequilibrium condition at the interface is now
[32]
The right-hand side of Equation [32] represents contributions to mass flux due to changes in interfacial curvature, disjoining pressure, and local wall temperature. Note that the inclusion of the disjoining pressure allows a solution for a "hot" wall, in which it balances the vapor pressure and both the flux and the curvature are zero.
The conditions for velocity components and temperature at the walls of the channel are unchanged.
Let us now solve the rescaled system of governing equations and boundary conditions. First we note that according to [ We now substitute this velocity profile into the mass-conservation condition at the interface to obtain
The mass fluxJ is related to the interfacial temperature according to the nonequilibrium condition at the interface, Eq. [32], whileT i can be easily expressed in terms of the known temperature of the wall since according to the scaled heat-conduction equation the temperature profile in the film is linear in η. Below we use the scaled temperature difference between the wall and saturation temperatures,T w .
These steps lead to the following expression for the scaled mass flux:J
Let us now substitute this formula together with the expression for liquid pressure from the normal-stress balance, Eq. In the region near s = 0 the wall is always dry due to high values of local temperature, as seen in Fig. 3 . On the microscale this implies that there is molecularly thin adsorbed film on the surface such that evaporation there is completely suppressed due to disjoining pressure forces. It is in this adsorbed film that we specify the remaining boundary conditions for [36]; these conditions imply that the interfacial height approaches the local slowly varying adsorbed film thickness, on the order of ε 1/3 , in an exponential fashion.
Equation [36] with the above boundary conditions is solved numerically using an iteration method. Initial guesses are provided by a shooting subroutine for channels with sufficiently smooth corners. A nonuniform mesh is used to account for fast changes in curvature in the region near the contact line and in the corners. The mesh is defined and solutions are obtained in terms of unknown length of the domain covered with liquid film; the latter is adjusted iteratively until the integral mass flux is zero.
Numerical Results
Let us now discuss the results. First we study the bubble shapes as a function of the wall temperatures for fixed material properties of the liquid, the aspect ratio of the channel (d = w * ), and the steepness parameter β = 0.1. This implies that the nondimensional parametersK ,δ, and ε are fixed; we chose representative valuesK = 2.0,δ = 0.01, and ε = 10 −4 . The conductivity of the solid wall is the same in the calculations below, which implies that the decay constant for the side-wall profile is fixed; we chose α = 2.0. The interface profile under these conditions for T H = 4.0,T 0 = −1.0 is shown in Fig. 4 . There is microscopic adsorbed film up to s ∼ 0.56, where the film thickness starts to grow as s is increased. Rapid changes in curvature and the slope of the interface also occur in this contact-line region. In the region of macroscopic liquid film to the right of the contact line the slope is almost constant over a range of values of s, 0.6 < s < 1.0, followed by a rapid change in slope near the top corner (s = s t ≈ 1.2). We also studied the mass fluxJ as a function of the local coordinate, as shown in Fig. 4 . Below the contact line, the flux is negligible, corresponding to a thin adsorbed film. The maximum value of the mass flux is attained near the contact line, while for larger values of s the local wall temperature decreases, the thermal resistance increases, and the mass flux is reduced. These features are consistent with the results in (7).
Our numerical solutions over a range of parameters indicate that there are two qualitatively different regimes depending on the temperatures of the walls. They are sketched in Fig. 5 . For   FIG. 4 sufficiently large temperatures the side wall is essentially dry (covered with a microscopic adsorbed film). This is sketched in Fig. 5a ; we refer to it as the hot wall case. In this case the lower corners of the channel are also dry and the apparent contact line on the side wall is near the top of the channel. If the average temperature of the side wall is decreased, due either to heat losses to the bulk of the material or to the lower heater temperature, a larger part of the wall becomes covered with a macroscopic film. This situation, referred to as the cold wall case, is sketched in Fig. 5b . In this case the dry region is on the hot surface of the bottom, while the corners, side walls, and top of the channel are covered with a macroscopic film of varying thickness.
The position of the apparent contact line on the side wall, y CL , marks the transition between the macroscopic film and the dry area, as discussed above. It is defined here as the position of maximum local curvature of the interface and provides a measure of the length of the dry region on the wall. Thus the value of y CL provides a quantitative measure for distinguishing between the hot wall and cold wall cases. Prediction of the size of the dry region is important for applications, so we discuss the results for y CL in detail. The main parameters in real experiments with a given fluid are the aspect ratio and the temperatures of the heater and the top of the channel. All our results in this subsection are for an aspect ratio of 1.0. In Fig. 6 we plot y CL as a function ofT H for some typical parameter values, listed in the figure legend, and two different values of the top temperature. Clearly as the heater temperature is increased, the dry area expands. The function is concave down, which implies that for higher temperatures it becomes more difficult to expand the dry area by increasing the power of the heater.
To better understand the dependence of the position of the contact line on the top temperature we plot y CL as a function ofT 0 in Fig. 7 . Comparison of Figs. 6 and 7 shows that it is easier to dry the wall by increasing the top temperature than by increasing the heater temperature.
Solutions of free-boundary problems often involve assumptions about the values of contact angles. As explained above, we use a more physically motivated approach that involves asymptotic matching with the adsorbed film. However, for sufficiently small values of ε an apparent contact angle is still a well-defined physical quantity. The effects of disjoining pressure in this case are localized and the solution has inner-outer structure. The limit of the interfacial slope of the outer solution near the apparent contact line defines the contact angle, plotted in Fig. 8 as a function of the local wall temperature,T w . This result is essentially independent of the details of the flow away from the contact line; it shows how the rescaled apparent contact angle in the presence of evaporation grows as the local wall temperature is increased. In addition to changing thermal boundary conditions we also varied the values of other nondimensional parameters,K ,δ, and ε, which corresponds to changing material properties of the liquid. The interface shapes and main qualitative conclusions are not very sensitive to variations in these parameters, except that the evaporative mass flux in the contact-line regions tends to increase significantly asK is decreased.
CAPILLARY CONDENSATION LIMIT
The method developed in the previous section has certain limitations. The method breaks down for the hot wall case with small undercooling of the top since the condensation due to rapid changes in the curvature (which we refer to as capillary condensation) becomes increasingly important, the film gets thicker, and lubrication theory is no longer valid over the entire domain. The numerical results of the previous section suggest another asymptotic limit when the thin-film analysis is not applicable. The solution in this regime involves shapes with constantcurvature menisci in the corners and a thin film on the walls, as sketched in Fig. 9 . The effect of the liquid flow and heat transfer on the interface shape is negligible in these capillary-statics regions. Viscous and capillary forces balance each other in the regions near the walls, which are referred to as transition regions. We calculate local solutions for these transition regions in the next subsection and then use asymptotic matching to those for the capillary-statics regions.
Local Solutions in Transition Regions
To develop an asymptotic method we consider C, the capillary number, as the small parameter, similar to the previous section. At the leading order in C the liquid-vapor interface is a meniscus of constant but unknown curvature κ 0 , suggested by the dashed curve in Fig. 9 . Corrections to this shape are found by analyzing transition regions where viscous forces become important. The locations of these regions for a given κ 0 are determined from simple geometric considerations: the one near the top is located in the vicinity of x t = 0.5w − κ −1 0 (w is the scaled width) and, the transition region near the side wall is near y s = 1 − κ
The value of κ 0 is found from the integral mass balance in the next subsection. Let us find the equation for the local interface shape in the transition region near the top; a similar formula can be used to describe the interface on the side wall after a simple change of variables. The interfacial height, h = h(x), is defined as the distance from the liquid-vapor interface to the top wall. We introduce new variables,x andŷ, and the rescaled interface height,ĥ, according to
[39]
(1 − y, h) = C 1/3 (ŷ,ĥ).
[40]
We note the important fact that the interfacial curvature with this choice of scales is an O(1) quantity, which makes it possible to match the solution to the capillary-statics region. The velocity components in the x and y directions are denoted by u and v, respectively. Balancing viscous and capillary terms in the momentum equation and using the continuity equation allows us to determine the scales for the velocity components as
The governing equations at the leading order in the rescaled variables take the usual form:
[45]
Let us now turn to the interfacial boundary conditions. In order to include the vapor mass flux into the leading-order massconservation condition one has to rescale the flux J according to
With this choice of scale the mass and energy balances at the interface are expressed in the form
The stress balances and the nonequlibrium condition in rescaled coordinates become
[50]
We note that δ is assumed to be an O(1) quantity, while all other parameters have the same scalings as in the previous section. This is consistent with the physical assumption about increased significance of capillary condensation.
The system of equations [43] [44] [45] and the boundary conditions [47-50] together with the usual conditions at the solid wall can be reduced to a single equation for the interface shape,ĥ(x), following the same steps used in deriving [36] . Since this derivation is described in detail in the previous section, we simply quote the final result:
Equation [51] is the key equation in our local analysis, as its solution then determines all the remaining quantities, in particular the fluxĴ . The derivation up to this point is applicable to both transition regions as long as proper local variables are used. Let us now discuss features specific to the regions near the top. The interfacial temperature there is relatively low so we expect condensation. This implies that there are no dry areas at the top of the channel. We neglect the disjoining pressure since for macroscopic films it is typically much smaller than the capillary pressure. Significant condensation can occur both in the thin film and the transition region where solution rapidly changes curvature to match the capillary-statics region. We consider a case when the latter is more significant and is sufficient to balance the evaporative mass flux calculated below. This implies that the difference between the local wall temperature and the saturation temperature is small. Equation [51] then simplifies to
[52]
The matching condition with the capillary-statics region is written in the formĥˆxˆx
[53]
Additional boundary conditions have to be derived from the matching to the macroscopic film. In the limit of small temperature drop across the film, the latter is flat so the interface approaches constant-thickness film for large negativex and its derivatives decay exponentially. Numerical solution of the above equation by a shooting method (8, 18) gives the interface profiles in the local variables. The scaled interfacial coordinateĥ and its second derivative are shown in Fig. 10a forK = 2 .0, δ = 0.04, and a particular choice of the unknown curvature, κ 0 = 4.0. The thickness of the liquid film in the transition region increases monotonically from the constant value; for largex it grows asx 2 . Knowing the interface shape allows one to calculate the local flux, shown in Fig. 10b . It is clearly negative, which corresponds to condensation everywhere in the transition region. The absolute value of the flux is only significant in a small region where the thickness is small and the temperature drop across the film is significant;Ĵ has a sharp minimum there.
We now consider the transition region near the side wall. From general physical considerations one expects evaporation there since it is closer to the heater and local temperature is higher there. The "dry" area of the side wall is covered with a very thin adsorbed film. The solution in the transition region has to match it, which gives three conditions for the derivatives ofĥ, the local thickness of the film. The equation forĥ is identical to [51] except thatx has to be replaced with proper local coordinatẽ y, defined according to
The equation for interface shape can now be solved numerically with the conditions in the adsorbed film, the matching condition for curvature, and the local values of wall temperature found from [22] . We used a shooting method (8) with nonuniform mesh to account for rapid changes in curvature near the contact line.
A typical interface profile from the numerical solution,ĥ(ỹ), together with its second derivative,ĥỹỹ, is shown in Fig 11a. The values of nondimensional parameters used in our calculations are listed in the caption. Asỹ goes to negative infinity,ĥ approaches the value of the thickness of the isothermal adsorbed film, which is given by
For largeỹ the plot forĥỹỹ indicates that the thickness grows asỹ 2 to match the capillary-statics solution. We note that this asymptotic regime is reached for relatively small values ofỹ.
The local values of the mass flux can be found parametrically as functions of material properties, wall temperatures, and curvature of the meniscus. Results for a representative set of parameter values are shown in Fig. 11b . We note that the flux has a sharp maximum near the contact line similar to the results of Moosman and Homsy (7).
Global Mass Balance and Interface Shape
We have now determined local solutions near the transition regions, but the curvature of the meniscus is still undetermined. In this section we use results from the local solutions to enforce a global mass-conservation condition, allowing us to find the curvature of the meniscus and thus the position of the contact line.
Let us first calculate the total value of condensation from the region near the top. The value of mass flux J t is calculated by integrating the flux profile from local solutions:
HereĴ (x) is the flux profile from local solutions found in the previous subsection (and illustrated in Fig. 10b ). The mathematical difficulty of integrating over an infinite domain is avoided by using the approximate analytical expressions valid for sufficiently large absolute values ofx.
This condensation flux has to balance the evaporative flux near the side wall of the channel. The latter is calculated by integrating the local flux profiles found in the previous subsection. The integral mass balance is only satisfied at a particular value of the curvature, κ 0 , typically κ 0 ∼ 3−6. This value then uniquely determines the vertical coordinate of the contact line, y CL . The latter is plotted as a function of heater temperature in Fig. 12 for parameter values listed in the caption. As the heater temperature increases, the dry region expands and the curvature of the meniscus in the corner increases. Expanding the dry area is achieved by pushing the meniscus into the corner; it becomes more difficult for highly curved menisci, so the rate of change of y CL with temperature decreases, as seen in Fig. 12 . We also investigated how the results for fixed thermal boundary conditions depend on the values of parametersK and δ in order to understand how bubble shapes may change when different liquids are used. An increase in δ with all other parameters being fixed leads to smaller values of y CL . This shift is easily understood since larger δ corresponds to more significant condensation near the top; in order to balance it the evaporation near the contact line must increase. This requires higher values of local temperature, so the contact line moves closer to the heater. The increase inK leads to expansion of the dry region; however, this effect is not significant and can only be observed for large changes in the value of the kinetic parameter.
The capillary-condensation limit can be achieved only for high values of dimensional heater temperature and for relatively small side wall temperature decay constant in [22] (we choose α = 0.4 in Fig. 12 ). We also note that the position of the contact line is independent of the aspect ratio as long as the width of the channel satisfies w > 2/κ 0 , so that the two menisci in the top corners do not overlap.
CONCLUSIONS
We develop mathematical models for heat and mass transfer in a long bubble in a rectangular channel by analyzing a cross section normal to the walls of the channel. Solutions to the freeboundary problem for the shape of the bubble are found in the asymptotic limit of a small capillary number. For weak capillary condensation in a channel with rounded corners the walls are covered with thin films. As the capillary condensation becomes more significant or corners are made sharper, a different type of shape is found. It involves localized regions of large mass fluxes, asymptotically matched to capillary-statics menisci where heat transfer is neglible.
A common feature of all solutions obtained is the presence of contact lines, marking the transition between macroscopic film and molecularly thick adsorbed film. In obtaining the solution we use a physically motivated description of the contact-line regions that includes disjoining pressure effects and capillary condensation. In the vicinity of contact lines the curvature of the interface changes very rapidly in the region where disjoining pressure becomes significant. Typically, the mass flux attains a well-defined maximum in the regions where the film is sufficiently thin for the thermal resistance to be small, but the disjoining pressure effects, which suppress evaporation, are not significant. This physical picture was understood earlier for a specific experimental configuration (7); we illustrate that it can be realized with different sets of scalings and types of interface shapes. We found how the apparent contact angle grows as a function of local superheat; these results can be used to describe contact lines with evaporation in other geometries as well.
The position of the contact line is found from the integral mass balance which includes evaporation and condensation and can be changed by varying the heater temperature or the temperature of the environment. Depending on the values of these two parameters, qualitatively different bubble shapes can be obtained. For relatively low side-wall temperatures they are covered with a macroscopic liquid film and the dry region is restricted to the bottom; we call this regime the cold wall case. As the temperatures are increased, for example, due to on increase in heater power, a dry region appears and starts to grow on each side wall. The regime with most of the side wall being dry is referred to as the hot wall case. We investigated how the dry area can be expanded when the heater or the top temperature are increased or other parameters are changed. Heating the top is typically more efficient for expanding the dry areas than increasing the temperature of the heater.
